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‘Errats for the Repor: WIS-ONR-12 "The Optunum Free
' Theory of Liquids", 15 October 1954.

{iI) iIn equation (7) and (3) rapl-ee all £1j by Pij

{2) The function[?’r(g'y'ys) z |"(3~‘J,Yj)] occurring
in equation (13). (15), (16), (21), and (22) should be
replaced by[ 221 (a;y.y3) - 2T (3; v,y

(3) The factcr mult $I;ing the bracket in equation (13) should
ve 1/(s2y

{4) Ths {actor multiplying tha/ intagrall in equations (15) and
(21) shouldbe w/Y?

(5) The factor multiplying the integrals in equaticn (16) and
(22) shouldbe 2T,
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THE CPTIMUM FKREE VOLUME THEORY OF LIQUIDS y
by
5 John S. Dahlersand Joseph O. Hirschfelder

ABSTRACT

Ar iterative micihod for solving Kirkwood's integral equation for
the frse-volume of a liquid.is described. This procedure uses the
results of the well-known Lennard-Jones and Devonshire theory of
liquids as its starting point. The results of the calculations sug-

} ‘ gested wouid provide a good test of the validity of the zell theory
k of liquids. It is believad that this "optimum free-volume theory”
will remove several of the undesirable characteristics of the

Lennurd-Jones and Devoashire liquid.
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"This work was supported in part by Contract N7onr-28511 with the
Office of Naval Research,

sGeneral Motors Corporation Fellow, 1954-55,
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THE OPTIMUM FREE VOLUME THECRY OF LIQU1DS
by

John 8. Dehler and Joseph O. Hirschfelder

The followirg report sumarizes a method of successive approximations to
the "optimum" fres vilume theory of liquids. This approach is reminisceat of the
self-consistent field approximation in molec:lar quantum meshanics. The initial
approximation is the usual Lennerd-Jonss and Devonshire egquation of state.l’z
Detailed ecquations and procedures are set up for determining the equation of state
and the related thermodynamic properties. It is hoped that suoch calculations ocan
be carried out in the normal liquid, as well as the oritical regions.

Kirkwood® has suggested a method for Improving the Lennard-Jones and
Devonshire “cell theory" cf liquide. However, no calculations based upon this
extension of the earlier theory have ever been carried out. Qualitatively, this
thecry 1is not toc differemt from that of Lennard-Jones and Devonshirs, in that
each molecule is restriocted tc move within a cell bounded by cther molecules lying
near the centers of oquivelent cells composing some simple orystalline lattice.
Although the shape and orientation of thc cells are arbitrary, we chocse d~dscahedral
celle certered on the sites of a face-centsred-cubic lattice, whosa “csarest neighbor
separation" is given by d, .

Let us adopt the notation (see Figure 1):

(a) -gij is tle veotor from lattice site 1 +to lettice site J .

(v) r, ry ave the displacements of the first and Jth molecules, respectively,

from their sites.

1. J. B. Lennard-Jones, A. F. Devonshire, Proc. Roy. S8cc. (London) Al63, 53 (1937)
2. MTGL, p. 293

3. J. G. Kirkwoed, J, Cham, Phys. 18, 380 (1950)
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where all distances are measured in units of the "nearest neighbor seperation", 4

Figure 1

For present purposes, Vl,1 , the palr irteraction energy of molecules 1 and

J, in units of € , is represented by a Lennard-Jones 12-6 potential, e.g.,

ey -+ ()" (&)

where O and € are adjustable parameters. W¥e define the "reduced temperature"
™, by T° = KI/E.
In Kirkwood's theory the "free-volume", Ve » is given by,
v = [exp (- (x)/T*) ar (@)
o

wnere r 8 e solutlon ¢ e lntegral equatlion,
he yf(_)ith luti £ the integral it

WI(r) = @ (p) - Bo (3)

and

o

D(r) = JZ)1 A-Vlj (o) 8(rp dr; (4)

J
s(r) = \rf_1 exp{-\y(rV/T*)
= exp (- d@/T*") /jcxp(- P@V/T®) ar {s)
[aY

Bo = [ s ar ()
a

o *
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The integraticns are osrried out over cells of volume /A . In practioce,
it is necessary to replace the functions. B(E) , by "smoothel" functions obtained
by averaging over all orientations of the vestor r ; and the celi, O, byean
*equivalent sphere", If, as a firzt approximation, we replace s(_x_") by a Dirac
delta function, 5(_1;) , then we obtain the results of the Lenmard-Jones and
Devonshira theory. TWie propose using this as the first step in an iterative proccess,
4o generate the "optimum" free volume. Fortunatoly, this procedure is eminently
suited to existing high spesd computing meschines such as the OARAC at Wright- '
Patterson Alr Foroce Base.

When the s(r)'s have sphorical symmetry about the lattice sites, the

integrations over angles car be performed exactly. Thus we have,

DY) = 4w JZ>:1 l:(r") P ( Plj-.rj) rjdr; (7)
where 12 -10 -1
1 .
Fify-1y = EJ' %_{(plfrj) -(Ay+1) o} ]
(8
G, -4 -4
= %{(p]\j-rj) "‘\v“'"j'i" I’j) }J
To ocalculats E, and also to average d)(_:_-_) over anglies, we noed the
result:
L
H(jo%ryrj) = \o[ 1IN E® F(p;jw rj) a6 (9)
p— 12 -
o -9 -q -9 NG £
3 Tg-{(rrl?,jfrr)-(rrl?u-r) - (ry-Ryz+r) + (13- Ryy-7) }
3rR -3 -3 -3 -3
B2y +Ryr1) - (1yoRyg-1) - (13- Ryg-1) + (53 Ry 1) }

for r< and r < .
e E ERF
The "sums over &ll molecules in the system exaept the first® can be re-
grouped into "sums over shells of neighbors in the lattloe", We denote ths

separation of the kth shell from the lattice site of "the first molscule" by
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2 and the nunrber of sush nsighbors ag T o 1f w= Zdenote a (r) as the resuit

2f averaging ¢ (r) over ali orientationa ¢f r , them

¢(r) = 27 Zny (s( Ty H(an.r rR) nRdry (10)
Ax

Eo =4n js(r\ Cp (r) ‘!"adr.

- @Ry
- 811’ !ﬁ (rx ﬁ I &’] (axa Y. rx) rrxdrdrx

wnere s(rk) and ¥ v'efs* to a...y mciecule in She kth shell.
‘In the case of the Lennerd-dones and Devonshirs equation of sbate it has
. 5 D 2
proved useful to introduzs the vew variables y = »* and y, = r3 o The trans-
J

f'ormed relations becoms:

e, v |
s(r)=5(y) = exp (-H(Y/T )/an {exp(-pW/T) y 2oly s (12)
Fa

HQOy.y;) = —3%,2[42 ri?iy,y) - 2°T (35 y,yl)] (13)

where the "reiluced density", =z = @ ,.f; . is the number of molecules in a

volune (a'do)z’ , and

1"(, 2 e
rniy.yy) = r(yIu sy )'?-(v];ﬂ y) -(‘]1 l+)' y +(YJ -1- Y)-n]\l-z)

Tha conbributimms of the flrut shell cof neighbors for the {ase~cenhered-

subic lattics can Lhen ba writtan s,

F5"- S [son [T @y TGy dy; o9
43 ’ .

- f! s(y)s(y,)[“z T (-2 T a7 9)]dydys g
AA

S —— . —— - =
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Previcus caloulations have showz that the contributioms to (¥) end
B, by the noarest reighbors is far more important tham for the other shells. Thus,
little error will result from treating cnly the nearest neighbors by the more
detaiied theory and using the Lennard-Jones and Devonshire for the remaining shells.

For & face-centered-oubic lattloe, the Lennard-Jones and Devomshire theory

gives,

[ PP -Eoligo =4 an[ﬁ%l(y/k) m(v/k)] (7)

4 2
[E°]L=rb -4 E‘ nk[% - % ] (18)

where
1(t) = (1 + 32t + 26.26% + 1285 « %) (1 -¢)"0 -1
o(t) = (1 +%) 1 -%)"%-1
ars functions which have bean previously investigated by several workera. s &

Thus, the contributions of the 2nd and 3rd shells of neighbors are given by,
@2 _ 96 [z {L/2)  4LY/E)] _ Y miyl), oo (s
[EY) -E.] o = 90 [z {—16—8 e~ }-z {_E¥D+ = j](lg)
(23 2
1
[E),, =& [z +&]-2 {3+ &]] (20)
Beceuse of the shiort rauge of the intermolecular forocss, the effect of the
more distant shells is completely negligible. Gombining the results obtained

above we have,

2
(21)

+95[ { Q(V/Z)” 1(%’/;3 1)} {m(sg,)u +e(~;§z/¢2¢1)}]

4. Wentorf, Bushler, Hirsohfelder, Curtiss, J. Chem. Phys. 18, 1484 (1950)

E  Kirkwood, Salsburg, J. Chem. Phys. 21, 2169 (1963)

oo - Cmeer— - o——— e
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=

1,22} 4
i = < — e . 2 % . < []
Eo Afgjs(y)S(y,) [4125 r‘(fa-.v.yj )-Z r‘(so.yayj)] dydyj;

o[ ) -2 £

where s(y) is now the solutior of thé modified integral equation,

1.2,% 12,2 (12,3 '
%('y;( = $ (ys( - Eo (23)

The squation of state of the liquid and its internal energy per molecule

(22)

ir units of € are then given by,

7 r Yy N T Uz .
g}ri z_lAfcrpi-gﬁ)/‘T)awxyf/Qz Y ay _ .-'Lon/az] (24)
T Jexp (-BW/T") y%2dy a

- "

-5’- + T » Afcx-y ) ) 3

U = 3T72 -Eo/2 + T2 2E/aT +[——Piﬂde’p(_mﬂ__‘ﬂ'§,w/ﬂ 2 ]2 l

_r[eferpc E/T) 2FH/2T yYRay ) (25)
LS expCEB/TY) y¥ay ]

SOLUTION OF THE INTEGRAL EQUATION. (Eq. 23), BY AN ITFRATIVE PROCEDURE:

For a particular choice of the density, 2z , =nd the temperature, ™ 5
we oan obtain the "optimum funotion s(y)" by an iteratiwe procedure. For an
initial trial function, :x(y)0 s the first sztsp in thils iteration lsads to a
"first improved™ trial functiom, e(y)l . The next step, or oysl e, of the
iteration leads to a "sscund improved" trial functionm, s(y)z ; otoe ...

Wrhen the thermodynamic properties salsulated from the "nth improved" trial
soiution de rot differ gensi’Ly from these calculated from the (n+1)th, we
have obtained %he “optlmum funotion, s(y)n ", In this sense, the procedure

1s quite similer to the “melf-comsistent field caleula tions™ of atomio and

mulesular queahtum mechaniss.

- ———— —
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The oyclic procedure desoribed above can be illustrated in the following

manner
CYCLE 1:

(a) Choose a trial solution celled t;(y)c .

(b) Substitubing =s(y;). for s(y,) in Eq. 21 and performing the

J’o J
(1,2,3)]
indicated integratiomn, we oaloulate the corresponding funoction, [E(Y) O
s (1,2,3) (1.2,3)

() Substituting [ B(Y) 1o zor A ™ in Bq. 12

and periorming the irndiocated integration, we ootain the "first improved" functien,

123
sy, = exp ([ EH P, /T*)
zﬂdj’exp (-1 W(:.a, 3, /1) yWRay

CYCLE 2:

(a) Substituting "(yj)l for s(yd) in Eq. 21 and performing the indicated
(1,2.3)]
integration, we caloulate the corresponding furotion [ a(?) 1

- 2, 12,3 ;
(b) Substituting | gfy)(l 5)]1 for $Zy)( in Bg. 12

and performing the indioated integraticn, we obtain the "2nd improved" funoctionm,

(1.2.3)
s(¥)= exp (-[ DY) 1./°)
2w ‘{e’rp (- (B2, 1 vy

CYCLE 33

CYCLE n:

(&) ¢ & ® o O ¢ e 2 o .

(12,5 (12,3)
(b) Swostituting [a(y )]n-l for $(Y) ’ in Eq. 12 and
performming the indicated integration, we obtain the "nth improved" funotionm,

(Y= exp (- L‘E@)( 1221 [/ T)
Z\T!CYP (- [ W(R‘S)]n_l /‘T') ylla&y -
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This iterative procedure must be carried out meparately for each pair cf the
parameters ¢ and ™. Now, to obtala the thermodynamic propertiss ccrresponding
- (123)
to the "kth improved™ function, we must ~alculate: (1) [Ec ]K by substitu-
(12.3)
tion of s(y)k for =(y) in Bq. 22, and (ii) the deriwatives of [53\]) ]K
o, ; : :
and [E,‘l 3)}k arising in Egs. 24 and 25. If the above iterative process is
carried out simultaneously for several choises of =z and/br T* 4in ths neighbor-
recod of the values in question, we can then determine the derivatives with respect
+o these parameters bty standard proczedure=s.
As stated earlier, wo shall checose s(y) = S (y) , where S (y) is
the biraz delta funstior. This choiss lsads to the ®first improved™ function,

aty), = ___exp(=12[2° L(¥) - 22" M(N1/T*)
2o G(z,T*)

(26)

where,

) - 1
LG = 20 + == L(t/2) +7£-% L(t/3)

- I
M) = m(o « 5% m(t/a>+éé7_ m (£/3)

«30544 4 > - lk:
Gz, T = éfcwp(-lz.[z LY -222M(N]/T") v “dy

are functions which have been extensivsly tabulated by several workers,4’ 5,6

Hare, as in subsequent calculations, the integration interval is chosen tc be
(0, .30544) .
The iteration froem this polmh on frellows ths scheme outlined above.

£, Unpubliished nalculaetiona

- . e em——
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INTEGRALS :

To carry out the proposed itsrative solution of the integral waquation,
many difficult integrals must te calculated numerioally. RKRacently, we have
calculated G{z, T®) eand several related integrals such as OG(z, T*)/Oz
and OG(z, T‘)/bT’ using the University of Wisconsin Card Progrsmmed Celculstor,

Model II. The integrands, I(y) , involved in these calculations, all had the

same general characteristics shown in Figurs 2.

I(y)

U Y 30544
Figure 2

Owing t~ this behavior cf the integrands, we adopted the following procedure for

the integrations. Writing a ty')ioa.l integral in the form
+30B844 <078

of [y = [Iw,oy- I IWdy + | I»dy + I T I I(Vdy

‘30544 -0018 -078 ‘196
(&) assumed the integrand was linear for ths calculation of the first two terms.

(b) applied Simpson's rule to the lasi thres terms using the Simpson's intervals
.0015, .003, .006, respectively.
It is possible that a similar technique 2on be applied To the calculatiom

of the more complicated integrals involved in the proposud iterative scheme.

- r—t— . ——
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CRITIQUE OF THE LENNAD-JONES AND DEVONSHIRE THEORY:

W, Fickett and Wm. W. Wiood’ &~ Los Alanos have rscently completed oalcula-
tions for Lennard-Jonee Devonshire liquide ab very high densities and temperatureso
They fourd thut the Lennard-dJones and Devonshire sjuation is quite zatisfactory
under these conditions. However, under Jeszss severe conditioms, this simpiified
theory is not nearly so accurate.

From experimental vapor pressure data on Xe, A, Kr, Nz, and O2 ws

Lave oalculated the density of & Lennard-Jcnes and Devonshire liquld in equilibrium
with the vepor phasa.‘s In performing these salculations we adopted the oritical

: constants £, .54 = 301 and T:rit = 1.2 as suggested by Wentorf, Bushler, Hirschfelder
' and Ourbiss.? The results of thess nalculations, together with experimentel ™sc-

' sxistence data®, are presented in Figure Z.

7 114 5

1.0+ ]
: T. 9l Lennard-gJones Xe
| * Devont)ire A

18 +‘ /

/
'7 CDA . .
1 12 12, L 1.3 1.4 15
Figurs 3.

From Flgure 3 we seoe thset a Leanard-Jonss and Devonshire liculd is more
dense than any of the real liquide sonsidersd. In addition, our salculations
1ndicate that the Lemnard-Jones and Devonshire value for pV/RT at the aritisal

7. Tables of Yhe Lemnard~Jores and Devoinghire Equaticn of State at High Temperaturas
aad Demsislse, W, Fickatt and Wm. W. Wond, Loz Alamos Sclientifio Leboratory, Los
Alsmuos,New Mexizo (apublished)
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point is .793 compared to ths experimental walus cf ahout .292 for the rars gases.

We 2l:0 £ind considerabls disagreement between experins .tal and Lennsrd-Jones and

Devonshire valuss for the various thermodynamic properties.

CONCLUSIQN:

In view of the inadequacies of the Lennard-Jores and Devomshire theory
mentioned above, more acourate calculations in the liquid-vapor co-existence
rogion and neer the oritiocal point seem desira.bi.e. "Subsequemz caloulatiomnes would

depend upon these rasaults.

o b ——
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